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Abstract 

We consider the motion of a rigid body immersed in an ideal flow occupying the plane, with bounded initial 
f*"^ ■ vorticity. In that case there exists a unique corresponding solution which is global in time, in the spirit of the 

CN) ' famous work by Yudovich for the fluid alone. We prove that if the body's boundary is Gevrey then the body's 

trajectory is Gevrey. This extends the previous work [5] to a case where the flow is irregular. 



in ', 1 Introduction 



< 



In this paper, we consider the movement of a rigid body immersed in a perfect incompressible fluid in the plane. 
The solutions that we will consider are weak solutions in the spirit of the solutions of Yudovich [3] concerning the 
fluid alone. The goal of this paper is to study time regularity issues for the solid and fluid flows associated to such 
_^ ■ solutions of the system. 

Let us be more specific on the problem under view. We consider the motion of a rigid body which occupies at 
time t the domain S(t) C R 2 . The motion of this solid is rigid (and as we will see, driven by the pressure force on 
its boundary), so that S(t) is obtained by a rigid movement (that is a translation and a rotation) from its initial 
position iSo, which is supposed to be a closed, simply connected domain in the plane with smooth boundary. In 
the rest of the plane, that is in the open set 



> 

in 
r^ 
in 

o 



o 



X 



T(t) :=R 2 \S(t), 



evolves a planar ideal fluid driven by the Euler equations. We denote correspondingly To := R \ So the initial 
t_* [ fluid domain. 

The complete system driving the dynamics reads 



du 


V)u + Vp = 


for x £ 


Ht) 


div u = 


for 


x e T{t), 




u ■ n 


— ug ■ n for 


x G dS(t) 




mh"(t) = 


= / pn ds, 
Jas(t) 




je"(t) 


= / 

JdS{t) 


p(x 


-Hi)) 1 - -n 


ds. 



(1.1) 

(1.2) 
(1.3) 

(1.4) 

(1.5) 

u\t=o = u , (1.6) 

h(0) = h , h'(0) = to, 9(0) = 0, r(0) = r . (1.7) 

Here u = (ui, 112) and p denote the velocity and pressure fields defined on F(t) for each t, m > and J > denote 
respectively the mass and the inertia of the body while the fluid is supposed to be homogeneous of density 1, in 
order to simplify the equations (and without loss of generality) . 
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When x = {xx,X2) the notation x 1 - stands for x 1 - = (—X2,xi), n denotes the unit outward normal on d.F(£), 
ds denotes the integration element on the boundary dS(i) of the body. In the equations (|1.4|) and (|1.5|) . h(i) is the 
position of the center of mass of the body, 

l(t) := ti(t), 

is the velocity of the center of mass and 

r(t) := 0'(t), 

is the angular velocity of the body. Accordingly, the solid velocity is given by 

u S (t,x) :^£{t)+r{t){x~h{t)) ± . (1.8) 

Since S(t) is a rigid body its position is obtained thanks to the rotation matrix 



Q(t) 



cos0(t) -sin0(i) 
sinO(t) cos 9{t) 



(1.9) 



More precisely the position $ (i, x) <E <S(£) at the time t of the point fixed to the body with an initial position x is 

<S> s {t,x) :=h(t)+Q{t)(x-h ), 

so that 

S(t) = $ s (t,S ). 

In Eulcrian description the velocity us(t,x) of the body S at time t at the position x is 

W5 (i,.T) = a t $ 5 (i,($ 5 ) _1 (t,x)). 

The flow $ 5 corresponding to the solid is a rigid movement, that can be considered as a function of t E R with 
values in the special Euclidean group SE(2) of rigid movement in the plane. 

The equations (jl.ip and (|1 . 2|) are the incompressible Euler equations, the condition (|1 . 3|) means that the 
boundary is impermeable, the equations (|1.4[) and (|1.5I) are the Newton's balance laws for linear and angular 
momenta: the fluid acts on the body through pressure forces. 

A key quantity in the analysis is the vorticity 

u> := curl u = d\U2 — c^Ui, 

which satisfies the transport equation: 

d t Lo + (u ■ V)w = 0. (1.10) 

One has the following result concerning the Cauchy problem for the above system, the initial position of the solid 
being given. This result describes both Yudovich and classical solutions. 

Theorem 1. For any u G C°(Jo;R 2 ), (4,r ) £R 2 x R, such that: 

divuo — in J-q and uq ■ n — (£q + r${x — ho) ) ■ n on 8Sq, (1-11) 

w :=cur\u EL™(To), (1.12) 

lim uq(x) = 0, 

\x\— S-+DO 

there exists a unique solution (£,r,u) of (fi~Tj) - (|T7|) in C 1 (R;R 2 xR)xLf^ c (R;CC(J : '(t))) withd t u,Vpe L^ c (K;L 9 (J"(t))) 
for any q £ (1, +oo). 

Moreover such a solution satisfies that for all t > 0, w(t) := curl(u(i)) G L^°{J-{t)), and \\w(t, Olli'C^W) ('/ or 
any 5 £ [1, oo],), /jv^ w(£, x) dx and i/ie circulation 

7 := / m • r ds, (1.13) 

•/as(t) 

are preserved over time. 

If moreover u e C A+1 ^(J"o; R 2 ) for X inN and v G (0, 1), t/ien u is Z^ C (R; C A+1 > I/ (.F(£))). 



The notation ZX(O) refers to the space of log-Lipschitz functions on $7, that is the set of functions / <G L°°(fi) 
such that 

ll/IUo, := |/k- m + sup J^ML_ < +0o . (, 14) 

On the other hand the notation C x,v {Fo) denotes the Holder space, endowed with the norm: 

/M „„ . \d a u(x) — d a u(y)\-. 

ll«llc*.»(^o) : = SU P (II 9 w IU°°(^o) + SU P 1 _. v ) < +°°- 

|e*|<A x^yeFa |* £/| 

Above, we used the abuse of notation L°°(M.;X(J 7 (t))) (rcsp. C°(M.;X(J r (t)))) where X is a functional space; by 
this we refer to functions defined for almost each t as a function in the space X(J-(t)), and which can be extended 
as a function in L°°(E; X{R 2 )) (resp. C*°(R; A(M 2 ))). 

Theorem [1] is proven in [3] . Let us also mention that the existence and uniqueness of finite energy and classical 
solutions to the problem (|l.l[| - (|1.7[l has been tackled by Ortega, Rosier and Takahashi in [TJ. 

Consider a solution (£, r, u) given by Theorem [TJ The corresponding fluid velocity field u is log-Lipschitz in the 
rc-variable; consequently there exists a unique flow map ^ continuous from R x Jo to ^(t) such that 



$ J7 (*,x)=a; + / u(s,$- F (s, 
Jo 



x))ds. (1.15) 



Moreover there exists c > such that for any t, the vector field $(£, ■) lies in the Holder space 

^niO,exp(-c|t|||a;o||ioo(jr ))/jr \ 

and an example due to Bahouri and Chemin p] shows that this estimate is optimal. 

For M > 1, we will denote by Q M ((-T, T); E) the Gevrey space of order M of smooth functions / : (-T, T) -> E 
with values in a Banach space E such that for any compact set K C (— T, T) there exist L, C > such that for all 
s S N and for all t e K, 

\\d?f(t)\\^CL s (s\) M . (1.16) 

Let us recall that for M = 1 the Gevrey space Q M ((—T, T); E) is the space ^((—T, T)\ E) of real- analytic functions. 

The main result of this paper is the following. 

Theorem 2. Assume that the boundary 8Sq is Gevrey of order M and that the assumptions of Theorem^ are 
satisfied. Associate the solid and fluid flows $ and ^ to the solution (£, r, u). Then for each T > 0, 

($ 5 ,$- F ) € g M+2 ((-T,T);SE(2) X <70,exp(-cT||a,o|U=o^ o) )pr o ^ (L17 ) 

Remark 3. Since we will proceed by induction the proof of Theorem fj| also yields that assuming that the bound- 
ary dS is only C k+1 ' u , with k e N and v e (0,1), then the flow ($ 5 ,$^) are C k from {-T,T) to SE{2) x 

^0,exp(-cT||a;o||i,«. ( jr o) )/'jr o L 

Remark 4. Considering the particular case M = 1, we see that when the boundary is real-analytic, the flows 
(5> , $" F ) belong to the Gevrey space Q 3 . This extends the results obtained in J3$ for a fluid filling the whole plane 
and in JSjj for a fluid bounded by fixed boundaries. Moreover, mixing the techniques of the present paper and the 
ones of JEj, one could prove that for strong solutions of the system, that is when uq G C x+1 ^(J r o; R 2 ) in Theorem^ 
and when the boundary dSo is real- analytic, then the flows (^ S ,^ :F ) belong to ^((-T, T); SE(2) x C x+1 ' v {J : o)). 
Actually it is expected that this also holds true in three dimensions locally in time. This is the equivalent in the 
case of an exterior domain of what is proven in J2|/ in a bounded one. 

Another way to express the result obtained in Theorem [2] is that we prove that for any k G N, for any T > 0, 
any r S (0,T), there exists L > such that for any t € [— r, r], 

\\d k+1 ^(t,-)\\ c o,^ { -^ ollL ^ o)){ ^ } + \\l^(t)\\ + | r W(t)| < L k +\k\) M+2 . (1.18) 



2 Preliminaries 

In this section, we introduce the basic material that we use in order to prove Theorem [21 



2.1 Basic material 

We introduce the distance to dSo- 



p(x) := dist(.T,<9iSo 



Using the assumption on So, we deduce that there exists c p > such that on some bounded neighborhood Wo of 
the boundary dSo in Fq, one has for all s G N, 



I|VVIK<( S !) M , 



(2.1) 



as a function (on W) with values in the set of symmetric s-linear forms. Without loss of generality, we may assume 
that 

c p > 1. 

Since the motion of the body is rigid we have that, for all t, the distance to S(t) in 

W(t):=$ 5 (t,W ), 

is given by 

p(t,x)^ Po (^ s r 1 (t 1 x)). (2.2) 

It will useful to have in mind the following form of the Holder inequality: for any integer k, for any 8 := (s, a) in 

A k :={6>gN* xN s /2<s< fc + 1 and a := (ai,...,a 8 ) G N s / \a\ =k + l-s}, 
where the notation |a| stands for |a| := a\ + . . . + a s , and for any p ^ 1, 



n* 



<nii/< 

L*TTpr( t )) l=1 



i»i+ 1 (^(t)) 



(2.3) 



Conventions. We will use Einstein's repeated index convention. Given ^4 G A^R), we denote by tr{A} its trace 
and by as{A} := A — A* its antisymmetric part. Given ip a smooth vector field, curl(</?) can be considered either 
as a scalar 9i</?2 — c^i or as a matrix, whose entry at the k-th row and Z-th column is [curl((/?)]fcj = dkfi — diifk- 
The translation between the two is immediate. Also, Vtp is the matrix (V^)^; = dk<fii- Hence cwclip = as{V</?}. 
Throughout this paper, we denote by N the set of nonncgative intergers and by N* the set of positive integers. 

2.2 Added mass 

We will use the following decomposition of the pressure, which is the two-dimensional counterpart of [5j Lemma 3] . 
Lemma 5. Equation (|1 . 1|> can be written as 



Du 



V/i + V $ 



(2.4) 



with $ := ( < &a)a=i,2,3; where the functions $ a = <5> a (t, x) and p, = p(t, x) are the solutions of the following problems: 

- A$ Q = for x G T{t), (2.5) 

<& a {x) ->• for x ->• oo, (2.6) 

K a for x G dS{t), (2.7) 



di 



where 



and 



K a := 



n a ifa= 1,2, 

(x — h(t)) ■ n if a = 3, 



- Ap = tr{Vu • Vu} for x e T(t), 
fj,(x) — > as x — > oo, 

— = a, for x e <95(£), 

where us = us(t, x) is given by (|1.8[) and where 

a := V 2 p {u — us 7 u — us} — n ■ (r (2m — us — l)~ 



(2.8) 

(2.9) 
(2.10) 

(2.11) 



(2.12) 



Let us observe that 
so that the matrix 



$ a (t,a;) = $ a (0 I ($ i )- 1 (i,a;)) 



M 2 



Jjr, t) V$ a • V$ 6 dx 



a,6e{l,2,3} 



is time-independent. It is also easy to see that the matrix A^2 is symmetric and positive, as a Gram matrix 
(actually, when 5q is not a ball, it is even positive definite). Consequently the matrix 



M := Mi +M 2 , Mi := 



ml& 2 
J 



is symmetric and positive definite. Actually M is referred as the "virtual inertia tensor" , it incorporates the "added 
inertia tensor" M2 which, loosely speaking, measures how much the surrounding fluid resists the acceleration as 
the body moves through it. Its relevance in that context is highlighted by the following property, which is the 
two-dimensional counterpart of Lemma 4] . 



Lemma 6. The equations (|1.4|l - (|1.5|l can be written as 



M 



V[i ■ V$ a dx 



nt) 



(2.13) 



a€{l,2,3} 



2.3 Regularity lemma 



We will use the following elliptic regularity estimate. It is a classical regularity estimate for the div-curl elliptic 
system in L v , except for what concerns the treatment of low frequencies, for which we rely on an approach due to 
T. Kato [S]. 

Lemma 7. There exists c > such that for any p £ (2, +00), for any smooth vector field f S L p (J-q;M. 2 ) satisfying 

(i) div/ and curl/ are in LP (To), 

(ii) div/ = didhCLih an d curl/ := didubih with the aih and the bih in L p (J-q), 

(Hi) there exists <fi in W 1,P {W) such that (n ■ f)\dF = 0|aF O j 
then f £ W^iFoiR 2 ) and 



c||/||wi-P(.F) < P(|| div/|| L ppr) + || CUrl/|| LP( ^ n) + ||0|[wi.J>(W)) + lk/i|l-LP(.Fo) + ll fo ^ \\lp(F ) + 

To obtain Lemma [7] we arc first going to prove the following lemma. 



f -rds 



> : >s lt 



(2.14) 



Lemma 8. Let rj £ C°°(R 2 ) such that 1 — r\ £ C^°(M. 2 ). There exists c > such that for any p £ (2, +oo), /or any 
smooth vector field f £ L P (R 2 ;R 2 ) satisfying 

(i) div/ and curl/ are m L P (R 2 ), 

(&ij div/ = ifdidhaih and curl/ := ifdidhbih with the aih and the bih in L P (K. 2 ), 
then f £ W^R 2 ) and 

c ll/llw 1 .p(R 2 ) <P(l|div/|| L p( tt 2) + | curl/|| iP(K 2 ) ) + Ha^llip^) + \\b lh \\ LP( ^2y 
Proof of Lemma\^ According to the Biot-Savart formula, we have, for any x £ R 2 , 

/(*)= f H(x -y) div f(y)dy+ / H x (x - y)cwlf(y) dy, (2.15) 

JR 2 JR 2 

where 



Jf(x) 



x 1 - 
2n\x\ 



Here the difficulty lies in the estimate of the LP norm of /, since for the gradient we have the classical Calderon- 
Zygmund estimates: 

c||V/|| LP(K 2) ^p(||div/|| LP(R 2) + |[curl/|| LP(R 2)). 

To overcome this difficulty we will follow the strategy of the proof of [6) Lemma 9.1]. Let us only deal with the first 
term in Eq. (|2.15[) ; the second one can be tackled in a similar way. We introduce a smooth function ( £ Cj?°(R 2 ) 
such that £ = 1 in the unit ball B(0, 1) and C = in the complementary set of B(0, 2). Now we decompose the 
integral in two parts: 

H (x-y) div f{y)dy= f C(« - y)H{x - y) div f{y)dy + f (1 - {(x - y))H(x - y)v(y)d i d h a ih (y)dy. (2.16) 

JR 2 JR 2 

Using the classical Calderon-Zygmund theory we obtain that the norm in W 1,P (R. 2 ) of the first term in Eq. (|2.16[) 
is bounded by cp\\ div/|| i p( K 2), where the constant c does not depend on p > 2 (the dependence of the constants 
on p is crucial here as well as in Yudovich's argument [S]). Observe in particular that the kernel £H is integrablc 
at infinity which yields the LP part of the previous estimate. 

Now, for the second part we integrate by parts twice, so that we get 

(1 - C(x - y))H(x - y)i]did h a ih (y)dy = / did h (r}(y)(l - ((x - y))H{x - y))a ih (y)dy. 

JR 2 V ' 

Since the kernel above is smooth we easily get by Young's inequality that the norm of this term in W 1,P (M. 2 ) is 
bounded by C||aj^|| iP ( K 2-). This completes the proof of Lemma [5] □ 

Proof of Lemma\7^ Let R > be large enough for So C B(0, R) and let us consider a smooth function 77 such that 
n = in a neighborhood of dSo and 77 = 1 in the complementary set of B(0, R). According to the previous lemma, 
the solution F in W rl ' p (R 2 ) of 

div F = n div / and curl F = n curl / in M , 

satisfies the estimate (|2.14[) (Here we extend the functions n, /, a%h and bih by inside Sq to be in position to 
apply Lemma |S]). Now, the function 

/ := / - F, 

has its divergence and rotational supported in the ball _B(0,i?), and its circulation around So is given by 



/ • r ds = I f ■ t ds div Fdx. 



Consequently there holds (extending n in the neighborhood Wo of 8Sq): 

II/IIlp(^ ) ^ Cp[\\div f\\ LP{ jr o) + \\cm-lf\\ LP( ^ o) + \\f ■ n\\ w i, P{Wo) j +C 

< Cp{\\ div f\\ LP(J r a) + ||curl/|[ L p(j7 ) + IHIw^W) + \\a t h\\ lp (T ) + \\bih\\ lp (r„)) +C 



f ■ t ds 

dS 



f ■ t ds 

dS 



This concludes the proof of Lemma [7J □ 

Remark 9. Thanks to the invariance properties of the divergence and of the curl with respect to rotation and 
translation the previous lemma holds for the domain !F{t) with the same constant for any time t. 

2.4 Formal identities 

We will use some formal identities, which have already been obtained in [5], as a combinatorial refinement of the 
ones obtained by Kato in [6]. They concern the iterated material derivatives (D k u)k£N* , where 

D := d t + (u • V), 

under the assumption that (£, r, u) is a smooth solution of the above system. 

We use the following notations: for a := (ai, . . . , a s ) £ N s we will denote a! := ai! . . . ct s \. We denote for any 
integer k, 

A k := {0 := (s, a) E N* x N s / 2 < s ^ k + 1 and a := (a b . . . , a„) £ N s / \a\ = k + 1 - s}, 

where the notation \a\ stands for |a| := a± + . . . + a s . 

Let us be given a smooth vector field ip. We first recall some formal identities for div D k ip, for cur\D k ip of the 
iterated material derivatives (D k ip)k^* as combinations of the functionals 

f(6)[u,ip] := VD ai u- ...-VD^^u- VL> Qs V, (2.17) 

with 9 := (s,a) £ Ak- The precise statement is the following (see Prop. 6]). 

Proposition 10. For k G N*, we have in J-(t) 

dxvD k ip = D k {d\vip)+%x{F k [u,ip]} where F k {u,ip]:= ^ 4(0) f(d)[u,ip], (2.18) 

eeA k 

curl D k i; = D k (curl ip) + as {G k [u^]} where G k [u,^] := ^ cg(0) f(6)[u, ip], (2.19) 

oeA k 

and where for i — 1, 2 and = (s,a), the c l k {6) are integers satisfying 

I4WI < §• (2-20) 

a! 

Remark 11. In particular for ip = u and k — 1 we obtain 

div(Du) = -div(V/i) = tr^^u]). 

Now we recall some formal identities for normal traces on dS(t) of the rigid body of iterated material derivatives 
D k ip, and for iterated material derivatives of the functions Ki defined in (|2.8j) . To a scalar r £ R we associate the 
matrix 



*(r):-r(; ^ 



To any (3 £ N s and r £ C'' 9 '((— T, T);M) we define the functional Tlp[r\ which associates to the time-dependent 
function r the time-dependent rotation matrix 

Up [r] := K (r^) • . . . • H (r (W ) . (2.21) 

For any sgN*,we will use some multi-indices s' := (s' 1: ..., s' s ) in N s . Then we will denote s' := |s'| = s[ + ... + s' s , 
(a 1: ...,a s ) will be in N Sl x ... x N s = and a := (a l5 ...,a s ,a s >+i, ...,a s >+ s ) will be an element of N s +s . The bricks of 
the following formal identities will be the functionals, defined for smooth vector fields ip and ip and a multi-index 
C:= {s,s',a) eN'xf x N s+S ': 

fe(C)[r,VJ,^]:=VM*»»){^Mi5 a -'+V,---,^a,_ 1 W£> Q -'+--V,7e aa [r]I? a ''+-V'}. (2.22) 

In (|2.22p the term lZg_. [r] should be omitted when s^ := 0. We introduce the following set 

Bk ■= {C = (s, s', a) / 2 < s + s' ^ k + 1 and |a| + s + s' = k + 1}. (2.23) 

We have the following formal identity. 

Proposition 12. Given a smooth vector field ip, for k G W , there holds on the boundary dS{t) 

n-D k iP = D k (n-i>) + H k [r,u-u s ,iP] where H k [r,u-u s ,iP}:= Y^ 4(C) h(C)[r, u - u S , # (2.24) 

CeBfc 

D k K i =H k [r,u-us,<r i } where H k [r,u- us, ai]:= £} dl{Q h{Q[r,u-u s ,<Ti}, (2.25) 

Cee fe 



where the K t are defined in 

<7, := e, j/i = 1,2, and <7, := (x — h(t)) if i = 3, (2.26) 

and where the d 3 k {C), j = 1, 2, are integers satisfying, for any £ := (s, s', a) £ £>&, 

QS+s'm 

«»l « SR^TJ!' (2 - 27) 

The proof of this proposition is completely identical to the proof of [5j Prop. 8] and is therefore omitted. 



We can also establish identities for the gradient VD k ip for a smooth scalar-valued function ip: 
Proposition 13. For k Js 1, we have in the domain F(t) 

D k \7i' = VD k iP + K k [u,iP], (2.28) 

where for k Js 1, 

K k [u, i/;];=-^2 (j VZT^u ■ D fe - r W. (2.29) 

The proof of this proposition is completely identical to the proof of [5J Prop. 3.5], and is therefore omitted. 

2.5 Further formal identities 

In this subsection, we give some other formal identities aimed at dealing with the far-field/low frequencies. This is 
inspired by [SJ Section 6]. Again, we assume here that (£, r, u) is a smooth solution of the system. 

We first recall the following commutation rules which allow to exchange D and other differentiations. They are 
valid for ip a smooth scalar/vector field defined in the fluid domain: 

Dfaik) = (Dih)ih + MD1P2), (2.30) 

dk(D1>) - D(d k ifj) = (d kUj )(d^), (2.31) 

div Dip - D div ip = tr {(Vu) • (VV>)} , (2-32) 

curl Dip -Dcvulil> = as {(Vu) • (V^)}. (2.33) 

8 



2.5.1 An identity concerning the divergence 

The first formal identity of this section is given in the following statement. 

Proposition 14. Let us consider ip a smooth vector field, and suppose that for some family {4>ij)i,j=i...d of smooth 
functions, one has in J-{t) 

div(V') = 9i0j where (f> i = dj(f>ij. (2.34) 

Then for n £ N* , we have in F(t) 

divD n ip = d i d J 4>? j [u,ip], 

where 

W 3 [ua>] ■= £ e#(0$(OM] + E ^fiOmiuJ], (2.35) 

with, for 6 — 1 or 2, 

A S n := {6 := (s, a) e N* X N7 3 - <K s < n + 1 and a := (ai, . . . , a s ) G N s / \a\ = n + 1 - s}, (2.36) 

A S n :={£:={s,a,k,\)/ (s,a)eA 5 n and (k, \) £ {1, ...,d}^ s+s -^ +s }, (2.37) 

0(O[u,$ :=D ai ux 1 -d ka D a >u Xa -...-d k ._ 1 D a '- 1 ux._ 1 -D a -il;x., (2.38) 

KOM] ■^D^u Xl -d k2 D a -u X2 -...-d ks _ 1 D a ^u K _ 1 -d k D^4> Xsks , (2.39) 

and where, for 5 = 1, 2, t/ie c™'- (£) are integers satisfying 

Kf(0\<^- (2-40) 

We first state and prove two lemmas before establishing Proposition [T4l 
Lemma 15. Under the hypothesis of Proposition^^ we have that for n £ N, for x in T{£) 

divD'V = d~$l (2.41) 

Ti = dAlr ( 2 - 42 ) 

where the sequences {(j) i ) u gn and (</>™ j) n eN, are respectively defined by 

$ = djfa and h + := £>& - (d fc u*)(0 fc - £™V fe ), (2.43) 

fe=4^^ := D&j-Kk-dkUi+u^d^lk-D^j). (2.44) 

Proof. This is an induction argument. 

• Let us first prove by iteration that (|2.41j) holds true when the sequence (c/> i ) nS N is defined by ()2.43|) . The case 
n = is precisely the hypothesis (|2.34j) . Let us now assume that (|2.41[) and ()2.43j) hold true for some n £ N and 
let us show the same for the rank n + 1. 

We first use the commutation rule (|2.32[) to exchange D and div to get 

div-D n+ V = DdivD n iP + tr(yu-\7D n ij). 

Then we use (|2.41[) and the commutation rule (|2.31[) so that 

divi?" + V = Ddifi + (diUk^dkD^i), 

= diD$ - {diUk^dkfi - dkD n il>i), 

Now, since div u = we get 

divX>"+V = diD% - d k ((d iU k )(ff - D"^)), 
= diD^-diddkU^iTk-D^)), 



after exchanging the dummy indices i and k. This yields (|2.43|) . 

• We go on with (|2.42[) and (|2.44[) . We also proceed by iteration. The case n — is satisfied by assumption, see 
again the hypothesis (|2.34[) . Now let us assume that (I2.42[) holds true for some n G N when the sequence (</>"„■ )neN 
is dchncd by (|2.44[) , and show the same at rank n + 1. 
Plugging (|2.42|) (at rank n) in (|2.43|) we have 

ft* 1 = DdrfZj - (d^M^ - D^ k ), 
Then we use the commutation rule (|2.31|) and Leibniz' rule to get 

K +1 = diDfa - (a,-«*)(a*fe) - dkiu^drflj - D n ^ k )) + u\d 3 d k 4>l 3 ~ d k D n ^ k ). 
This last term vanishes according to (|2.41|) so that, using div u = and exchanging some dummy indices, we get 

JT = d 3 D^ dkUdju")^ + u\d^l 3 - D n ij k )), 
= diDfa - d 3 {{d k ui)^l k + u\ddl k ~ DU ^)l 
= d M^ 
where 0™+ 1 is given by (|2.44|> . D 

The second step of the proof of Proposition [14] is the following lemma. 
Lemma 16. Under the hypothesis of Proposition ]! 4\ we have that for n G N. we have in !F{t) 

Ti = E K'H09(0[n,i>] + E KfiOmiuJ], (2.45) 

with 

X := {£ := (s, a, k, A)/ (s, a) G A s n and (k, A) G {1, ..., d}^' 2 ^}, (2.46) 

0(£)kV] :^d kl D^u Xl -d k2 D a *u X2 • ... ■ 5 fc ._ 1 D a - 1 « A ._i '^Vx, (2-47) 

£(£)[«,$ :=9 felJ D Ql u Al • flfal^UA, • ... •%._ 1 I> a - 1 UA._ 1 • d k .D a -^> x . k ., (2.48) 

and where, for 8=1,2, the c™'- (£) are integers satisfying 

\ct-{i)\^r- (2.49) 

Proof. Let us first explain why formula (|2.45|) holds without yet estimating the coefficients c™' (£). When n = 0, 
it is clear that one can put <p i = cfy^y in the form (|2.45p . Next, assuming that i has this form, we apply (|2.43j) . 
It is obvious that the terms (d k y?)(<j) k — D n ip k ) can enter the right hand side of (|2.45|) ; only the term D(p i is 
not trivial. But actually, that Dcf> i can be put of the form (|2.45[) is a consequence of the induction assumption, 
Leibniz's formula and the commutation rule (|2.31[) . 

It remains to make the claim quantitative, that is to say, to prove that the coefficients c™'- (£) that we recover 

n+l 

satisfy (|2.49j) . For n = the claim is trivial. Let us now discuss the passage from n to n + 1. To obtain <f> i , 
we apply relation (|2.43[) and consider the resulting terms coming from those of (|2.45l) . We first consider a term 
coming from the first sum of (|2.45[) . that is, corresponding to 8 = 1. The modifications needed in the case 8 = 2 
will be explained below. 

Let £ G A n+1 with s ^ 3. When computing cf> i with the relation (|2.43j) the term involving ~g(£)[u, ip] comes: 
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1. cither from D<p i : the term appears after applying D to a function g{£ )[u, ip\, £ £ A n , and using the 
commutation rule (|2.31|) . The function function g{C)[u, ip] nas one l ess material derivative or a term having 
a factor of the type dk.Ui less. There are at most 






contributions of the first kind (one has added a materiel derivative to some g{£')[u,ip]), and at most 

of the second kind (one has added a (SfcWi) factor to some ~g(£,')[u, ip]). 
2. either from (dkU l )<f> k . Again there are at most (s — \)2 s ~ 1 — i contributions. 
Since Q^,-=i a j) +s — l = n+l, in. total, we have 

Concerning the particular case s = 2, we have to take into account the additional term {dkU l )D n ipk in relation 
(|2.43|) . But since 6 = 1, there arc no terms corresponding to s = 1, that is, in this case, there are only contributions 
"of the first kind" as referred to above. It follows that here the total contributions can be estimated from above by 

n2 2 n\ + l < 2 2 (n + l)!. 

The case 6 = 2 is similar, but two modifications are in order: 

1. here s starts from s = 1, 

2. there are no particular additional contributions for s = 2. 

□ 

We can now get back to the proof of Proposition IT4l 

Proof of Proposition \14\ Again the case n = is clear, and we discuss the passage from n to n + 1. The induction 
relation on which we will rely is the following, directly deduced from Lemma [T51 

^i 1 = Dfa - 4>l k ■ 8 kUj + u\T 3 - D n ^). 

We begin with S = 1. A term g(£)[u, ip] with £ £ A\ + i (with s Js 3) has been obtain through several ways: 

1. either from D(f>"-: either from a term whose one factor has one less material derivative or from a term having 
a factor of the type dk ,Ui less. There are at most 



3=1 



contributions of the first kind, and at most 

(-1)4-^, 

of the second kind, 
2. cither from <f>™ k ■ dkUj, which gives again at most (s — l)4 s_1 ^j contributions, 
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3. either from u l 4>j , giving a contribution at most 2 s 1 ^j, according to Lemma H"6l 
Summing these contributions, this gives the conclusion. 

For what concerns the case s — 2, we have again an additional term u l D n ipj, but here there is no contribution 
coming from 4>™ k ■ d k Uj because there are no terms corresponding to s = 1. The conclusion follows as previously. 

Again, the case S = 2 is mutatis mutandis the same, with s starting from s = 1, but no particular additional 
term for s = 2. □ 

2.5.2 An identity concerning the curl 

The second formal identity of this section is given in the following statement. 

Proposition 17. Let us consider %j) a smooth gradient vector field. Then for n £ N* , we have in !F(t) 

(curlD"^ = didjf^lu, <&], (2.50) 

where 

t? jM [u,il>]:= ]T d% M (0g(0hip}, (2-51) 

where A\ is defined in (|2.36|) and the d™ 7 (£) are integers satisfying 



K jM (0\^^- (2-52) 



Remark 18. That there is only one sum in (|2.5ip while there were two in (|2.35[) is due to the fact that we suppose 
if) to be a gradient field, so that (|2.50p is trivial for n = 0, which simplifies the analysis. This is sufficient to our 
purpose. 

Again we will need two preliminary lemmas before proving Proposition 1171 The following lemma is the coun- 
terpart of Lemma 1171 

Lemma 19. Under the hypothesis of Proposition \17[ we have that for n £ N, for x in !F{t) 

(curlD n V)fc* = d^l kl (2.53) 

Kki = ajr&H, (2-54) 

where the sequences (T i k i) n £N> (r™- fe ;)neN are respectively defined by 

T° lM = and r"^ 1 := D^ M - (d^)^ + (d kUl )D n ^ - {d lUi )D n ^ k , (2.55) 

t% t kl = and ri+ k \ := DT^ kl - {d kUj )t^ kl - u^ kl - 5 it kUi D n ^ - 6 JtlUi D n ^ k . (2.56) 

Proof of Lemma \T9l Let us first prove by iteration that (|2.53p holds true when the sequences (T t k [) n eN are defined 
by (|2.55[) . The case n = holds true since ip is a gradient vector field by hypothesis. Let us now assume that 
(|2.53[) - (|2.55[) holds true for some n £ N and let us show the same for the rank n + 1. 
We first use the commutation rule (|2.33j) to exchange D and curl to get 

(cur\D n+1 t/j) k i = (Dcml(D n i>) + &s{Vu-\7D n ij}) kl . (2.57) 

Then we use ()2.53|) . the commutation rule (|2.31[) and that divu = to get 

(curlD n+ V)« = W" H + {d k u h )(d h D n ^) - (diu h )(d h D n Tp k ) 

= d,DTl kl - (diUhWh^) - d h ((d k u h )D n 4n - (d,u h )D n ij k ) 
= d t Dfl kl - d h ((d iUh )t^ M - {d k u h )D n in - (d lUh )D n ^ k ). 

12 



After exchanging the dummy indices i and h this yields 

(curl£>" +1 V)fc* = di(DTt iia - {d hUl )Vl M + (d kUl )D n ^ - (di Ui )D n ^ k ) 

B-T n+1 

n-\-\ 

where r 4 fci is given by (|2.55p . Now, 

rS 1 = ot- fcZ - {d hUi )T n hM + {d kUl )D n ^ - (ftui)D^fc 

= W"+i - ^(u,r^,) + Uiflfc^m + d k { Ui D n i>{) ~ Uid k (D n ^) - d l (u i D n iI>k) + uAD n ip k . 
Summing the third term with the fifth term and the last one yields so that 

rS 1 = djDtft* - d h (d jUh f^ k )) - d h { Ui T hM ) - 4(«,D"« - d t ( Ui D n ij k ) 

— B f n+1 

where f™+ k ) is given by (J23B1) . D 

Lemma 20. Under the hypothesis of Proposition \ 1 7[ we have that for neff, we have in !F{t) 

Km= £^h(03(0[«,# (2.58) 

j n 

where A n is defined in (|2.46|) , g(£) is defined in (|2.47j) and where the d t ki are integers satisfying 



i^i" i - „.. n 



d iM \^r-. (2.59) 



Q 



Proof of Lemma \2(A This is exactly the same proof as for Lemma [16] (even, it is simpler since there is only one 
type of terms here), except for what concerns s = 2. For s = 2, we see from (|2.55j) that a term 5(£)[w, i/j] with 
£ € -4 n +i comes either by adding a material derivative to a factor in a term of T t kl , or from the additional terms 
(d k Ui)D n ipi and —(diu.i)D n i[i k . Hence the total contributions can be estimated from above by 

n2 2 n\ + 2 = 2 2 {n + 1)! - 4n! + 2 < 2 2 (n + 1)!. 

□ 

Proof of Proposition [7?} One can observe that, except for what concerns s = 2, the induction relations ()2.55|) - (12.56[) 
are exactly the same as (|2.43[) - (|2.44p . The only difference consists in the number of additional terms which can be 

2 in (|2.56[) when j = k = I. But the particular argument for s = 2 works again: we have (at most) two additional 
terms, but the other contributions come only from adding a material derivative to an existing term. The conclusion 
follows as previously. □ 

3 Proof of Theorem [2] 

We are now in position to prove Theorem [2] 

We proceed by regularization. Consequently, we will work from now on a smooth solution of the equation, 
without changing the notation. Since the estimates that we are going to establish are uniform with respect to the 
regularization parameter, the general result follows. We refer to [5] for more details on this step. Note in particular 
that we can use the formal identities of Section [2] that were derived under the assumption that (£, r, u) is smooth. 

The main argument is to prove by induction an estimate on the fc-th material derivative of the fluid and the 
body velocities. 
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3.1 Iteration 

Let 



k E N*, v e (0, 1), pi ^ — - and p 2 > Pl ■ (k + 1). (3.1) 



We are going to prove recursively that for L > large enough, for any integer k ^ ko, 



with 



||I> fc u|| t P 2 + ||*(*)|| + | r (*)| <^ v fc , (3.2) 

p|(fc!)^ fc+1 

fe ' (fc + 1) 2 
where 

V:=||u||Hn.p a(J r (t)) + ||^|| + |r|. 

The norm on vectors of R 2 (here £ and its derivatives) is the usual Euclidean one. We will also the notation || • | 
for the associated matrix norm. 

The inequality (|3.2[) is true for k = 0. Now let us assume that Eq. Q3.2p is proved up to k — 1 ^ ko — 1. 

We will first prove the following proposition, which, under the induction hypothesis, allows to estimate the next 
iterated material derivative of the pressure field, as it decomposed in Paragraph s. 21 



Proposition 21. The functions $ a (a = 1,2,3) and fi satisfy the following assertions. 

• There exists a positive constant Cq = Cq(Sq) such that 

J2 l|V*„|| W l* a(J r( t) )<Cb. (3.3) 

• There exists 71 a positive decreasing function with lim 71 (L) = such that if for all j ^ k — 1, 

L— >+oo 

||-D J u|| lA +||^' ) || + ||^ ) |KV„ (3.4) 

i/ien /or a// 1 ^ j ^ fc 7 

V ||D J V$ a || ,« <7i(£)tt- (3.5) 

l^asC3 

• There exists a positive constant Co = Cq(Sq) such that 

||V/x|| ,P2 ^C V 2 . (3.6) 

• There exists 72 a positive decreasing function with lim 72 (£) = smc/i t/iat if for all j ^ fc — 1, (|3.4[) ZioZds 

true i/ien /or aH 1 ^J j ^ fc — 1, 

||L> J V^|| .a ^ 72 (L)VV,. (3.7) 



Proposition [5T] is proven in Subsections 13.21 and 



The second proposition allows to propagate the induction hypothesis on the solution (£, r, u) itself. 
oposition 22. 
(|3.4[) holds, then 



Proposition 22. There exist a positive decreasing functions 73 with lim 73(1/) = suc/i that if for all j ^ k — 1, 



|| £ W|| + | r W| + \\D k u\\ wltik{Ht)) ^ V kl3 (L). (3.8) 



The proof of Proposition [22] is given in Subsection [ 

Once Proposition |2"21 established, the claim that (J3.2I) holds true up to k ^ ko is a direct induction argument. 
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3.2 Proof of Proposition I21T functions V$ a 

Recall that the functions V$ a (a = 1, 2, 3) defined by (|2"3|) - (|2"77|) satisfy 

divV$ a =0 mT(t), curlV$ a =0 in T{t), n ■ V$ a = K a on dS(t), $ a (x) -> for x -)■ cxj. (3.9) 
Then by applying the regularity lemma (Lemma [7]), we obtain immediately (13.31) . 

Let us now prove the second point of Proposition [5l] by induction on j. Let us therefore assume that the 
estimate (|3.5|) holds true up to rank j — 1 and prove that then it is also true at rank j . By applying D 3 to (|3.9p and 
by using Propositions [TUl [T2l [T"3l [T4l (with if) = V$ a , which satisfy the assumption (|2.34[) with identically vanishing 
functions 4>ij) and [T7I ( also with ip = V<& a ) we obtain that D 3 'V$> a satisfies the following relations 

divZ^V$ a = tr{F>,V$ Q ]} inJ"(t), (3.10) 

curlZ» J 'V$ a =as{G J '[u,V$ a ]} in .F(i), (3.11) 

n-L> J V$ a = Z? J A' a + H J '[r,M-u 5 ,V$ a ] on dS(t) (3.12) 

div D J V$ a = did h ai h [u, V$ a ] in ^(i), (3.13) 

curlD j V$ a = did h bi h [u,V$ a ] mF(t), (3.14) 

/ D J \7<f> a -Tds= K j [u,$ a ]-Tds, (3.15) 

where 

4>,V$ a ] := J] «4(0^(0[tt.V*a], 

^[«,V§J:= £ l4(0ff(0[«,V# o ]. 

Above the set Aj and the functionals g(£) are the one defined in f|2.37[) ; and the integer coefficients a J ih (£) and 
Kh (?) sa tisfy respectively the estimates 



i«4(oi < ^, ia)K^. 



3.2.1 Estimate of F j [u, V$ Q ] and G j [u, V$ a ] 

Applying the Holder inequality (|2.3|) to /(#)[«, V$ a ] (whose definition is given in (|2.17[0 for 8 G Aj, we obtain 
that 

s-1 
i— 1 

Using the induction hypothesis and since for 9 G Aj, \a\ = j + 1 — s, we have 

Now thanks to Proposition HU1 we obtain 

" L JII I,3Tr(^(t)) ^ ^ V / *-2 11 1+ 2 

s— 2 a s.t. %— 1 v y 

I a I — i + 1 — s 
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When 9 S Aj, 2 ^ s < j + 1 and |a| = j + 1 - s, then \a\ ^ j - 1 so that 



|F>,V$ a ]|| ^2 ^^(jO^'V' y 4rr y T ^ - , 9 . (3.16) 

s=2 J a/ |a|=j+l-« «=1 V 



We now use the following lemma (cf. [2j Lemma 7.3.3]). 
Lemma 23. For any couple of positive integers (s,m) we have 



20 s s i 

V T(s,a)< ? — p-j, w/iere T(s,a) = TT 77~ \2" ( 3 ' 17 ) 

^^ (m + lr - L - L 1 + a.J^ 



(m + 1) 2 ' v ' ' ^ (1 + a,) 2 

|aj— m 



We deduce from (|3.16[) and from the above lemma that 



i-l^vir ^'nn. C?±l) 



1 L ' aill LlTT { jr {t)) ^2 - + 1 2 Z_, jM-1 



20 s 



(j + 1) 2 f^ r* _1 U - s + 2 ) 2 

We obtain the same bound on \\G j [u, V$ ]|| p 2 by using (|2.19[) instead of (|2.18jl . 

3.2.2 Estimate of H j [r, u-u s , V$ Q ] 

To estimate the body velocity us in h(Q[r,u — U5,V$ a ], we will use the following result, which is the two- 
dimensional counterpart of [5J Lemma 8] (with a different norm which has no importance here, since we estimate 
the solid velocity which belongs to a finite-dimensional space). 

Lemma 24. Under the same assumptions as Proposition \21[ there exists a geometric constant C > 1 such that 
for any m $J k 

\\D m u s \\ !_-» ^CV m . (3.18) 

Applying (|2.3[) to /i(£) (whose formula is given in <j2T22j)) and using (|2.ip . we obtain: 
IIMC)[r,«-«5 > V*.]||^^ r(w(t)) 

<^( s o^(nnir w) i)(niii> a -'+«(«-«s)iK 3: j ? L TT ^ jp^v$ 

By using the induction hypothesis and Lemma [2^1 we have 

ll*(0[r,«-t«,V* B ]||^ w ^ 
Thanks to Proposition ITOl and Lemma [23] we obtain 

(n\\ M TJ 3+1 (i + 'W 2 

\\H j [r,u-us,V$ a ]\\ i ** <d T 7 ,xo V j y s M L 1 - s <20 s - U j N9 . (3.19) 

11 L ' *" ""V'l+Hwwi^" + 1) 2 ^ p (j-s + 2) 2 v ' 

3.2.3 Estimate of K j [u, $„] 

Applying Holder's inequality to the terms appearing in ([2.29J1 yields for any j Js 2, 

IliPkigil P2 <V (• 7 " 1> )|| J D' , - 1 w|| ia ||Z^ S V$J| t P2 

11 L ' JII Ll+T(^( t) ) ^ Zlv l S /" "W 1 — PW 1 ° N W '3T^(.F(t)) 



all i, E2__ 

W Q 3 '+» + i (W(t)) y IV = = ' + =+ (.F(i)) 
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By using the induction hypothesis we get 



j-l / . \ M / . , -, \ 2 



1 L ' aJH LlTT ( ^ (t)) -^ (j + 1)2 ^ \ js J { s (j- s + 1 ) 



s=l 



and the same estimate holds true for J a5 , t ,(Z)-'V$ a ) • r ds up to a multiplicative geometric constant, thanks to 

3.2.4 Estimate of a^Ju, V$ a ] and of V ih [u, V$ Q ] 

Applying the Holder inequality (|2.3p to the definition of g(£)[u, V3> a ] in (|2.37p . for £, £ A 1 ;, yields that 

s-l 
i— 1 



Then we proceed as for F- 7 ^, V4> a ], and obtain 



+ 1 T\-„ ,1 , -,N2 



^-"Aft™, <«*-'$> 5 £> (CT) 



s=2 



The analysis is the same for b° ih [u, V$ a ]. 

3.2.5 Conclusion 

It remains to gather the above estimates. We apply Lemma [7] (observing that, thanks to (|3.1j) . we have -^h > 2) 
and we use the previous estimates to get (|3.5[) at rank j, with 

7l (Z) :=C(5 ) sup £ -mzt^c; 



i£\i=* j' m_1 "(i-s + 2) 2 ; 

3.3 Proof of Proposition I21T function V/i 

We now turn to the claims concerning /i. The function V/i defined by (|2.9p - ([2.1ip satisfies 

divV/i = -trJF 1 ^,?/]} = - tr {Vu ■ Vw} , curl V/i = in &F(t), 
n • V/i = er on dS(t), 

where a is defined by (|2.12[) . Hence (J3.6I) follows again from Lemma [HI 

By applying D^ to ()3.9j) and by using Propositions [TUl H21 HS1 HH with ^ = V/x, which satisfies the assumption 
([2"31jl with 

and Proposition [TTl (also with ?/> = V/i) we obtain that D J V/i satisfies the following relations 

div£> J V/i = -i> # tr{i?' 1 [«,«]}+tr{i? ,J '[ti,V^]} in J"(t), 

curl £> J V/i = as {G 3 [u, V/i]} in J"(t), 

n ■ D' J 'V/i = DV + ff J >, u - u 5 , V/i] on 35 (t) 

divD J V/i = 9i<9fc4>, V/i] in .F(i), 

curl£> J V/i = d l d h b 3 ih [u, V/i] in .F(i), 

/ D J, Vfi ■ t ds = / A'- 7 [u, /i] ■ r ds, 

JdS(i) JdS(t) 
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where 

and the integer coefficients a^ (£), a^ (£) and &^(£) satisfy the estimate (|3.16[) . 

The proof that the validity of (|3.4j) for j ^ k — 1 implies the one of (|3.7|) for 1 $J j ^ fc — 1 is completely similar 
to the equivalent proof for $ a . 



3.4 Proof of Proposition 

We now turn to the proof of Proposition [221 Under the same assumption that (|3.4[) is valid for all j ^ k — 1, we 
first prove 

||^|| + |r( fe )KV fc74 (i), (3.20) 



and then prove 



||£ fc wK v fc75 (£), 



(3.21) 



for positive decreasing functions 74,75 with lim ji(L) + 75 (L) = 0. 



In order to prove (|3.20p it suffices to differentiate the equations (|2.13[) k times with respect to the time (recall 
that the matrix M is constant): 



M 



w 



V^i • V$ a dx 



T(t) 

fe-1 



(fe-i) 



oe{l,2,3} 



D"- l (Vfj,-V^a)dx 



i=0 



fc-1 



Ja<E{l,2,3} 



.F(i) 



ae{l,2,3} 



Then we use that .M is invcrtible and we apply the estimates (|3.3[) . (13. 5[) . (J3.6I) . ()3.7[) to obtain that there exists a 
positive decreasing function 74 with lim 74 (L) = such that 

L — >+oo 



fe-1 



IK (fe) || + |r (fe) |^74(£)£ 



;=() 



fc-1 



ViVfc-.-i 



(3.22) 



Next we use Lemma [231 in the case s = 2 to get (|3.20[) . where the function 74 has been modified to incorporate the 
constant coming from (|3.17[) . 

In order to obtain (|3.21|) . we write 



D k u = -D fc_1 Vp = -D k - l \7^ + D 



-.fc-i 



V$ 



(3.23) 



We notice that 



D^ 1 V$ • 



/\ fc-i 



= ^( fc . l \L 



£(fc- 
r (fc" 



Thus, by using (|3.4[) (valid up to rank fc) and (J3.5I) (valid up to rank fc due to Proposition EH]) to estimate the 
terms of the above sum corresponding to i ^ 1 and by using (|3.20p for the term corresponding to i — 0, we deduce, 
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together with 



k— 1 fe— 1 n 

El ^ 1 7T 

(i + l) 2 (k-i + l) 2 ^ ^ (i + l) 2 ^ ~6 



fe-i 



j=0 



that 



[y 7 i(i)+74(i)Co)V fc . 



Combining the above inequality, (|3.23l) and (|3.7p . we obtain (|3.21[) . and the proof is complete. 

3.5 End of the proof 

Let v £ (0, 1). We now apply Eq. p.2[) with p 2 (k + 1) instead of p 2 , and we use Stirling's formula to obtain that 
for any k £ N*, for any 

p 2 > y~^' (3 - 24) 

one has for L sufficiently large (depending on the geometry only) 

\\D k u\\ w , P2{nt)) + \\l^\\ + \r^\ < (p2(* + l)^U-^(\\ u \\ w ^ k+1HHt)) + \\£\\ + \r\) (3.25) 



< p K 2 (k\) M+l L«(\\u\\ w ^ 2ik+ , HH t)) + M + \r\ 



fc+i 



(3.26) 



for some constant L ^ L independent of A: and (£, r, u). 

So far time has intervened only as a parameter, and the inequality (|3.25l) holds for any time. We will now 
estimate its right hand side with respect to the initial data. First thanks to Lemma [7] there exists c > such that 
for any k 7 

IMUi>P2(*+D(.F(t)) ^ c Pz( k + !)ll cur HlLP2«=+U(.F(t)) + c (M + IK1I + M). 

Now conservation of the L p norms of the vorticity and Kelvin's circulation theorem yields that at any positive time 

||u|| w i,p 2 (fe+i) ( ^ (t)) < cp 2 (k + l)\\ujo\\ L p 2 (k+i) (:F(t)) + c(| 7 | + \\i\\ + \r\), 
< c P2 (k + l) + c(| 7 | + P|| + H), 



since uig is bounded with compact support (enlarging c if necessary). Plugging this into (|3.25[) and using again 
Stirling's formula, we obtain that there exists L > depending only on J-(t) such that for any k, 

\\D k u\\ w u P2{r{t)) ^p k 2 (kl) M ^L k +\klp^ + | 7 |*+l + Pir 1 + \r\ k+1 ). 

Using p 2 Js 2/(1 — v), thanks to Morrey's inequality, there exists C > such that for any smooth function / on 

ll/llc°."(:F(t)) < C||/llw 1 'P2(jF(t))- (3.27) 

This allows to bound ||i? fc u||co,^(jr(()) thanks to \\D k u\\ w i, P2 ^^y Then we differentiate Eq. (|1.15|) to get 

d k+l ^{t,x) = D k u{t,^{t,x)). 

We consider T > and we obtain by composition that <9 t fc+1 $- F is in C' -' yoxp( " c ' r|l " olll ' 30 ^o) :) (7 r o), with an estimate 

||9 f fc+1 ^|| c o_ xp( - cr|l „ olltoc( , o))( ^ o) < p k 2 (k\) M+1 L k ^(k\p k 2 +1 + | 7 | fc+1 + ||£|| fe+1 + |r| fc+1 ), (3.28) 

for some L depending on the geometry only. 
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Now, in order to prove (|1.18|) . we have to absorb the v factor in the Holder exponent in (|3.28[) . To do this we use 
the fact that these estimates are valid whatever the choice of the time interval and of v G (0, 1) (note that P2 satisfies 
(|3.24[) and that the constant in (|3.27p is uniform for v <E (1/2, 1)). In particular, we consider r G (0, T), and we apply 
the above result on the interval (—t,t) and v € (0,1) such that i/exp(— cr||u;o||i,°orF )) > exp(— cT||u;o||.l°°(.f )). 
Then one can choose the constant L > containing the (-) fe factors and the proof of Theorem [2] is over. 
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